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Equivalence regime for magnetohydrodynamic and lossy electromagnetic waves
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It is shown that for particular combinations of conductivity and frequency, magnetohydrodynamic waves
have the same properties as electromagnetic waves. These conditions prevail in the ionosphere for low fre-
guency waves, so this result may be useful in calculating loss, reflection, and transmission coefficient for
magnetohydrodynamic waves$1063-651X%98)05101-F

PACS numbgs): 41.20.Jb, 52.35.Bj, 47.65a

[. INTRODUCTION tion in the ionosphere. These observations were verified and
extended by Okuzawa and Davies, who also considered the
MagnetohydrodynamidMHD) waves are important in spectral characteristics of the fluctuatidi]. During the
understanding widespread dynamic phenomena. Applical980s there were a large number of publications that ce-
tions include not only dynamics of the earth’s ionospheremented the view that MHD waves and geomagnetic fluctua-
[1], but range from processes that occur within the Joviadions were intimately relatefll3—18.
system[2], to possible neutrino oscillations within the sun Another important result was that of Pool and Sutcliffe in

[3]. On earth, MHD waves are instrumental in understanding-987 [17]. In this work they derived a quantitative relation
long period geomagnetic fluctuations, and changes in th etween the change in the electron concentration of the iono-

electron density of the ionosphere sphere and magnetic field fluctuations observed on the
' dground. Although the work contained many approximations,

A correlation between magnetic field fluctuations and: q 4 th Il validity of the id hat ch
ionospheric changes was first recorded by Rishbeth and Galf-demonstrated the overall validity of the idea that changes
n the electron concentration can be related to geomagnetic

riott [4], who interpreted ionospheric changes as giving rise .

to observed shifts in the phase of radio waves that bounce ctuatlo_ns. . . s

off of the ionosphere. They interpreted the changes in the The d!scussmn prese_:nte_d above gives only an indication

ionosphere as being related to a dynamo effect, or as being, the widespread application O.f MHD waves. A problem
ith MHD models, however, is the complexity of the

driven by magnetohydrodynamidMHD) waves. A subse- . . . )
quent analysis by Fraser-Smit] confirmed a relationship coupled partial differential equations, and numerical methods
re often used. In this paper it is shown that for values of the

between geomagnetic fluctuations, sunspot activity, an q ductivi i £ th ¢
ionospheric changes for oscillations with periods greater thal equency and con UCt'V,'ty used In many o the re erences
ited above, there are situations in which an analysis of an

two days. During the next few years a model emerged whiclf . L . .
pictures an Alfve, or MHD, wave as a standing wave, the electrorr_lagn_enc wave can yield mformanon about properties
boundaries of which are the ionosphere in the northern an8'c phy§|cal interest. We dp hot claim that the full MHD
southern hemispheres. In other words, the MHD wave travel§nalys"°‘_ can always be avoided, rat.her we show that there are
along the ambient magnetic field line of the earth, and the®M€ situations Whgrg an analysis of th? electromggnetlc
ionosphere acts as a very good reflector in each hemispher@@Ve Py itself is sufficient to uncover physical properties of
Southwood 6] and Chen and HasegaWid showed that the 'Nterest.

solar wind can excite shear Alfmewaves at the magneto- Il. WAVE SOLUTIONS

pause, which leads to the standing MHD waves described
above.

A detailed examination of the relation between electro- Magnetohydrodynamic waves may be excited whenever
magnetic waves in the ionosphere and MHD waves was urthere is a conducting fluid permeated with an external mag-
dertaken by Hughe$8]. Following Dungey’s work[9], netic field. To see how they arise, one may consider a neutral
Hughes broke the problem into two parts: One part is a forparcel of the fluid of mass densipy, velocity v, and current
mulation which contains a vertical current, and one part haélensityj. The force lawF=ma for this parcel becomes
no vertical current. He showed that the part without a vertical q ‘“B
current produces a magnetic field component at ground level, p_v = 175 Vp. (1)
while the other part is negligible in comparison. This work dt c
was extended by Hughes and Southw¢a€]. Using radio

waves and a geostationary satellite, Davies and HartmangiHD waves are governed by El), the conservation law
[11] observed periodic fluctuations in the electron concentra-

A. Magnetohydrodynamic waves

ap
—+V.pv=0, 2
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and the Maxwell equations waves, for whichk-v=0. For this case the solutions to the
VX E=—Blc 3) above equations may be shown to be
v=v,xe kz" oV, (12
and
= I 1% Bok/w ~ _
VX B=4x/cj, 4 b= — ————— e xe!(kz=ot) (13
where the overdot stands for the time derivative, and the 1+i 4mw)

term E/c is neglected due to the low frequency of MHD
waves. The final ingredient is Ohm'’s law, which, due to thewherek=kz, the real part of the right hand side is implied in
fact that the fluid is moving, iE=(j/o) —vXB/c. For good the two equations above, and

conductors, it is sometimes possible to use this equation in

the limit of infinite conductivity, but we are interested in the kzvi=w2 1+i c?k? ) (14)

more general case of noninfinite conductivity. It is further drwo

assumed that the conductivity is constant and a scalar quan- ) . ]

tity. yvherevAE Bol_\/477p is .the Alfven veIQC|ty. From Eq.(14)-

The variables are expanded in terms of small changel is seen that in the limit thak— o, v, is the phase velocity

according to of the wave. However, for finite conductivity,, is not the

phase velocity, and, moreover, the dispersion relatit)
pP=potp1 ) gives rise to a frequency dependent group velocity.

The dispersion relation also shows that the wave vector is

B=Bo+b. © complex, so we write it ak=pB+ia. Using this, andr
— 2 H

In the aboveB, is the uniform background field of the earth, =C-/4mavy, we find
andb represents a small fluctuation due to the MHD wave. 5 12
Similarly, p, represents the density in the absence of the - @ / Vit (on)™+1 (15)
wave, andp, is the perturbation due to the MHD wave. The \/EUA\ 1+ (w7)?
velocity of the fluid,v, results from the MHD wave, and is ) ) 51— 1/2
therefore assumed to be of ordeand p,. Using these last a= 0?1120 [ 1+ (07)*][1+ 1+ (07)?]}

two expansions in the equations above, one obtains As expected, the noninfinite conductivity causes attenua-

apq tion and the plane waves propagateeasZe'(#*~ Y The
W’LV'PO”:O' () group velocityv 3= dw/dg turns out, after some manipula-
tion, to be
dv 1 2 2 61402, 2 27\ -1
Poms = 2V py+ —(V X b) X By, (®) (r0)® | TR 1+ (10)]
dt 4m vg= /B 1- 2t o2 2 2
9 1+(tw)°  2B%va[l1+(10) |-
and (16
b=V x (vXBg)— EV Xj, (9) B. Electromagnetic waves in a conducting medium
g

Now we consider conventional plane electromagnetic
wheres is the speed of sound. The speed of sound arisegaves propagating in a medium with conductivity The
from the pressure gradient in E¢l), and is given bys?  magnitudes of the fields are given by

= ypo/po Where py and py are the ambient pressure and E=Edkx-ob) (17)
density, andy is the ratio of specific heats. Details may be '
found elsewher¢18]. B=Be (kx—eb, (189
Taking the curl of Eq{(4), and using that in Eq9), one
obtains whereE andB are the amplitudes for the electric and mag-
2 netic fields. For plane waves they are related By
b=V X (v By) + 4C Vb, 100 =(ck®)E, where agairk=B+ia, but now
i o V1+(4molw)’+1 12
Finally, taking the time derivative of E¢8), and using Eq. S 2 ' (19
(10) in that result, one obtains
2 ) \/1+(4770'/w)2—1>1/2
pob= 7| VX| VX[0XBol+ ;——V?b| | B “T¢ 2 '
+s%poV(V-0). (11) IIl. EQUIVALENCE

There are several plane wave type solutions depending on These results underscore the difference between MHD
the orientation of the wave vectérand the velocity of the waves and ordinary electromagnetic waves. For example, in
fluid v. Here we shall consider the special case of transversthe limit c—c, MHD waves propagate with phase velocity
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FIG. 1. The log, of Alfven velocity in cm s'* as a function of Height (km)
gltétlgje. The density is taken from R¢20] andB, was taken as FIG. 2. The conductivity in s! vs altitude in km. The peak
R conductivity is about 28 10° s,
w/k, while the attenuation constaatgoes to zero. For elec- IV. AN APPLICATION

tromagnetic waves, however, in this limit the attenuation

constant becomes infinite and waves cannot propagate. In the Ohnle of the problems of ger?eral mteresft with reﬁard to
other limit thato— 0, electrodynamic waves propagate with €'ty MHD waves concerns the amount of energy that pen-

phase velocityw/k and the attenuation constantgoes to etrates the ionosphere; how much is reflected bag:k into the
zero, while for MHD waves the wave vector goes to zero. magnetosphere, and how much is absorbed. This problem

Nevertheless, there is an important regime in which thesyaidnveSt'gath n de'ialtl),l_fohr zxark?ple, n R?' dt |
waves have the same dispersion relation. Consider low fret—h_ € g:quw{i ence esl af 'Sh.e aThov_edcan te use (t) st?]ve
guency waves propagating in the ionosphere. Typical fre- IS problem In a simple fashion. The idea Is to compute the
quencies are of the order @~ 1, and may vary a few orders reflectivity of the ionosphere as an MHD wave penetrates it

of magnitude either way. In the ionosphere, the conductivit rom above.dHt(rJ]Wte;/her, n éhet_s;g)tlutlor;SApl ireStlantetd above it
is really a tensor quantity due to the preferred direction jm-Vas assumed that the conductivity an ocity were

posed by the ambient magnetic field. For MHD waves thafonstant. Figure 1 shows that thi_s is not true in the iono-
travel predominantly along these field lines, the importantSphere’ S0 to study wave propagation there one must resort to

component of the conductivity is the transverse, or Pedersor‘i’ther methpds. One such t_echmque is to break the region into
conductivity, which has a maximum value betweef a0d slabs of uniform conductivity, apply the boundary conditions
1P s 1 (seé Ref[8)) at each interface, and from that model calculate all quantities

of interest, as we did recently for electromagnetic waves
[19]. For electromagnetic waves, since there are no current
or charge densities at the interfaces, the boundary conditions
are the continuity of the fields. In general, an acoustic wave
will impose the additional conditions that, for small ampli-
To help understand the limits of validity, the Alfwevelocity  tude oscillation, the normal component of the fluid velocity
is displayed as a function of altitude in Fig. 1. and the pressure are continuous. For transverse waves the
This shows that there is a significant range @fover  velocity condition is automatically satisfied; moreover, trans-
which Eq.(20) is satisfied. For example, the conductivity is verse MHD waves do not have pressure variati@ssEq.(7)
at its maximum value around 300 km, and E20) becomes, implies] if p, is constant. Therefore, if one is considering
approximately, withw=27v, and usingy,=6x10° cm/s at  propagation of a transverse MHD wave through a medium
300 km, with varying conductivity, one may analyze the problem ap-
proximately by partitioning the medium into slabs of uni-
10°>v>10"3. (21)  form conductivity, and use the results concerning attenua-
tion, reflectivity and transmission obtained for
electromagnetic wave®f Ref.[19]). Due to the equivalence
(9{ wave vectors, and the fact that all boundary conditions are
satisfied as discussed above, one may say that, as far as at-
tenuation, reflectivity, and transmission coefficients are con-
cerned, a transverse MHD wave is equivalent to an electro-
magnetic wave.
. Now, in Ref.[19], we modeled the conductivity of the
k=(1+i) v2mwolc. (22 ionosphere with a Gaussian form. Here we can do better, and
use an actual conductivity profile of the ionosphere, as
This result is true for both the MHD result (15) and the shown in Fig. 2.
electromagnetic result (19)Thus, despite the differences A note about the conductivity displayed in Fig. 2 is in
discussed above, there exists a range of frequency and coorder. This represents the Pederson conductivity, which is
ductivity for which electromagnetic waves and MHD wavesthe conductivity in a direction parallel to the electric field
have the same dispersion relation, velocity, and attenuatiorand perpendicular to the magnetic field. It is obtained using

In any event, consider the case that

1< 4mol o <c?lva. (20

This result shows that Eq20) is satisfied for a very impor-
tant range of frequencies that propagate in the ionosphere.
course there are other physical situations in which(26). is
satisfied as well. The point is, using EQO), the wave vec-
tor becomes
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actual data from the literatuf@0] combined with theoretical above, one finds the reflection coefficient to Re-99.8%,
values for the collision frequency of the charged particleswhich is in general agreement with the results of Rél,
[21]. Referencd21] contains the details on how the actual which quotesR~99%.

expression was derived. Finally, it should be noted that the

actual value of the electron density, which is one of the em- V. DISCUSSION AND NEXT STEPS

pirical parameters given in Reff20], depends on whether it |, general, MHD waves and electromagnetic waves are
is day or night, and on sunspot activity. The result displayeqyite different. They have different attenuation, different
in Fig. 2 is for daytime, with sunspot activity. wave vectors, different phase and group velocities. In the
For the current application, we will consider only the re- |imit of large or small conductivity, MHD and electromag-
flection coefficient,R, which represents the ratio of the netic waves behave in the opposite manfser explained in
power incident on the ionosphere to that reflected. To modeSec. Il). In general, MHD waves will impose additional
the ionosphere, consider breaking it ifoslabs. In a given boundary conditions across an interface. Physically, MHD
region the fields are given by, suppressing the time deperwaves incorporate fluid motion, along with Newton’s law,
dence and vector nature, and propagate in the presence of an external field, while
£ =E ekt Er’]e‘”‘nx, 23 ;alectromagnetic waves do noket, despit_e aII. of thesg dif-
erences, it has been shown that for situations of interest,
B,=B,e"—B/e "k (24)  there is a kind of equivalence between these walvepar-
ticular it was shown that the wave numbers and boundary
whereE, andB/ are the magnitudes of the reflected waves.conditions are the same when ER0) is satisfied for trans-
It can be shown that the relation between the electric field irverse waves.

regionn+ 1 and the field in regiom is given by As an application of this result, we calculated the reflec-
aikns %0 K tion coefficient of an MHD wave incident on the ionosphere
E .= 14 —n )E e~ iknkn from above. We obtained a vallR=99.8%, in agreement
el 2 | Knta) " with known results.
K A limitation to these results concerns nontransverse
+1— " |E’eiknxn]| (25) Wwaves propagating through a nonuniform medium, which are
Kn+g) " of physical interest for the ionosphere. If the propagation is

nalyzed by breaking the region into thin uniform slabs, then
e MHD wave imposes additional boundary conditions. In
this case the normal component of the velocity and the pres-
sure (which is not constantmust be continuous at each
boundary. Finally, we should reformulate equations in terms
R=Ep. BN /Ens 1B, (26) of the tensor conductivity, since that is what prevails in the
ionosphere. This is especially important with respect to the
and may be computed using E(5). The details can be directions of the fields; however, for calculations of attenua-
found in Ref.[19], and here a result foR will be given.  tion and reflectivity, we expect the results here to be essen-
Using this formulation, and the equivalence establishedially correct. Future work will investigate these areas.

This result is a direct generalization of the result establishe
in Ref.[19], except here the interface is locatedxat and
the slabs are not equally spaced.

The reflection coefficient is defined as
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